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Functional Form in the Linear Model

1 Introduction
Despite its name, the classical linear regression model, is not limited to a
linear relationship between the dependent and the independent variables.

Consider K variables x;1 x;2 ... x;, for each observation ¢. The L functions
fl(llfﬂ... Iilj),fg(l‘“... xiL), veny fL(xil--- xiL) map the K variables into L
new variables z1;, 22, ..., zr;. The function g(y;) is a function of the

dependent variable. The non-linear econometric model
9(yi) = Bo + Brfi(@ire.. xip) + -+ + Brfr (@i vir) + s
can therefore be written as

9(yi) = Bo+ Pizie + Pozar + - + Przin +ui
218+ u; .

The latter is the usual multiple linear regression model with L + 1 regres-
sors as long as all necessary assumptions about the error term and the
transformed independent variables z; = (1241 22 ... ;1) are satisfied. All

properties of OLS are therefore preserved.

Note: While the original model is potentially non-linear in the variables
x, it is linear in the parameters B. Also note that the error term wu; is

already additive in the original model.
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2 Some Examples

2.1 Log-Linear

Functional form:
Iny;, =61+ Polnz; +u;
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B1=1,82=05 Bi=106=1 B1=1,8=2 Br=1,3=-1

Marginal effect of  on y, deterministic (omitting index 7):

9y _ prapameg L _ 5 sam10
X

ox

The marginal effect depends on the value of the independent variable.

Note: this is the effect in the deterministic part of the model and not
generally equal to dEy/0z as E(log(y)) # log(E(y)) (see Wooldridge
p. 211).

Elasticity of y w.r.t. x, deterministic:

dlny dy = dyly _ 5,

dlnz dr y dz/z
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2.2 Semi-log

Functional form (two alternatives):

Yi =1+ Pelnz; +uy Iny; = 51 + Pazwi + u;
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Marginal effects of x on Fy and y, respectively:

OFy — & @ — 526(/31-1-,323?)

ox T ox

“Percentage effects” of x on Eyx/y, respectively:

dlny _ Oyly

OFy  OFky _ 5, _
or or

olnz  Oxjxr &

2.3 Polynomial

Functional form (e.g. order 3):

yi = B1 + Bowi + Bax + Baxi + uy
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Br=1,8=1 B1=10,82=1 B1=10,8, =2
B3=1,4=0 B3=—-1,12=0 Bz =5,84=2

Marginal effect of z on Fy:

OF
Y - Bo+2B3z + 3B42°
ox

Note that the marginal effect depends on the value of the independent
variable. The individual parameters 85, 83 and 34 have often now meaning

of their own.
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2.4 Inverse

Functional form:
1
Yi = P14 Po— + 1y
x;

Br=1062=1 B1=10,02 = —1

Marginal effect of x on Fy:

OBy _ _p»
ox x2
Note that a positive sign of S5 means a negative relationship and vice-

versa.
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2.5 Dummy Variables

Functional form:
Yi = B1 + Box; + P3d; + vy

where the dummy variable d; is either 1 or 0.

Ba
Bs

Note that the marginal effects for the two groups (implicitly defined by
the dummy variable) are equal but the constant terms differ.

2.6 Interaction Terms

Functional form:

Yi = P11+ Bari + Bsxa; + Ba(T1i - 2i) + w4

Marginal effects of 1 and x5 on Ey:

OF OF
=Y - B2 + Bar2 and Y - Bs + Bazy
8.%‘1 833‘2

The interpretation of these effects and of the individual parameters is very
specific to theoretical model behind the relationship.
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Special case, interaction with a dummy variable d;:

yi = P11+ oy + PBad; + Pa(z; - d;) + u,

y
Bo+Ba

B
B ’

By

Marginal effect of x on Ey:

OBy B ifd; =0
Ory | Po+pBy ifd;=1

The interaction of all variables (here constant and one independent vari-
able z) with the dummy variable allows to estimate separate linear re-
lationships for the two groups defined by d;. However this is different
from two separate regression models as the error term is assumed to have

identical variance across groups.
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2.7 Spline Functions

Functional form:
yi = B1 + Poxi + Badii(z; — s1) + Badai(z; — s2) + u;

where dy; = 1 if 2; > s1 and do; = 1 if z; > s9. s1 and sy are known
thresholds.

y
Ba+PstBa
/A/(AB/#BS

B2 | |

51{ i i
s, S, X

Marginal effect of x on Ey:
8Ey ﬁg . if T; < 81

B, = B2 + B3 if s1 <z < 89

B2+ B3 + B4 if ; > 51
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3 Implementation in Stata 12.0

Non-linear functional forms can be estimated with OLS by generating the

transformed variables. For example,

webuse auto7.dta

generate mpg2 = mpg~2

reg price mpg mpg2
estimates a second order polynomial.

Dummy variables are easily created from categorical variables with
the xi command. For example,

xi i.manufacturer

reg price _Imanufactu_x*
creates 23 dummy variables for the 24 categories in the variable manufacturer
(excluding the first one for use as reference category) and regresses price
on all 23 dummy variables plus a constant. This can also be done in one
step,

Xi: reg price i.manufacturer

Interactions with dummy variables are also directly created with the

xi command. For example,
Xxi: reg price i.foreign*mpg
estimates separate slopes and intercepts for foreign and domestic cars. As

of version 11, dummy variables and interactions can also be formed as

“factor variables”. The above example is then
reg price i.foreign##c.mpg

The variables used for spline functions are conveniently created with

the mkspline command. For example,

mkspline mpg_1 20 mpg_2 25 mpg_3 = mpg
reg price mpg_*

regresses price on mpg using a piecewise linear function. Also consider

the option marginal.
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4 Implementation in R

Non-linear functional forms can be estimated with OLS by specifying the

functional form in the estimated model. For example,

> data(mtcars)
> Im(mpg~wt+I(wt~2), data=mtcars)
estimates a second order polynomial for the variable wt. Note that most
mathematical functions need to be wrapped within the I() function.
Categorical variables are automatically included as a set of dummy

variables if they are defined as factor variables. For example,

> mtcars$carbf <- factor(carb)
> 1lm(mpg~wt+carbf, data=mtcars)
regresses mpg on wt and on 5 dummy variables for 5 categories in carbf
(excluding the first category for use as reference group) plus a constant.
Interactions with dummy variables from categorical variables can be
directly estimated when the categorical variable is defined as factor vari-
able. For example,
> mtcars$amf <- factor(mtcars$am, labels=c("automatic", "manual"))
> Im(mpg~amf+wt:amf, data=mtcars)
estimates separate slopes of wt and intercepts for cars with automatic and

manual transmission. Altenatively,
> summary (lm(mpg~amf+wt/am, data=mtcars))

reports the difference between the two slopes. This is equivalent to
> Im(mpg~am+wt+wt:am, data=mtcars)

which does not use factor variables.
Linear (and polynomial) spline functions are implemented in the
splines package. See the help for details,

> library("splines")
> 7splines
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